Solutions for class #7 from Yosumism website

Problem 44:
Mechanics=} Lagrangians

1 ¢s2, -
The kinetic energy, in general, is given by T=3m(#4+5%) The potential energy isjust
1 ce0, s

V=mgy . The Lagrangian isgiven by L=T~V =gm(¢*+§%)—mgy,

Now, given the constraint ¥ = #z*, one can differentiate it and plug it into the Lagrangian above
to reexpress the Lagrangian in terms of just y, for example.

S 4 Do i a2t B i gl B
Differentiating, one has dit¥ =9¢*) =¥ =02z = £ =§/(202) Squarethat to get ¥ = 3a7z2— day
, where one replaces the r2through the given relation ¥ =az?,

Plug that back into the Lagrangian above to get exactly choice (A).

YOUR NOTES:



Problem 45:

Mechanics=:} Conservation of Energy

N S
Conservation of energy gives™" =24 where Yois the velocity of the ball before it strikes the
7 _
ground. Thus, Yo =297,

Afterward, the ball bounces back up with v’ =0.8u. Apply conservation of energy again to get
mgh' =3mu'l= vl =2gh' = i = v2(2g)

ol — 8yl . :
Plugging in?"*=08% onehasa'=0.64, whichis choice (D).

YOUR NOTES:



Problem 61:

Mechanics=} Small Oscillations

One can derive the frequency of small oscillation for arigid body in general by using the torque
form of Newton's Laws: 7 = [§ = #xF . (I ismoment of inertia, r is moment arm)

In this case, one has a constant downwards force F'=mg  which acts at amoment arm angles#.
Thus, {f =—rmygeinf e —rmgf where the approximation works if #<(<1.

The equation of motion for small anglesisthus #=—(mgr/I)¢ Thisissimilarinform to that of
a simple harmonic oscillator with the angular frequency being =vmgr/I

Now, the problem is to find the angular frequency for each system.
One needs not worry about the rod, since it is massless and has no moment of inertia.

The moment of inertia of system | isjust{s=2mr2 Theradius of gyrationrisjust "7=2"(anr
for each mass).

5
The moment of inertiaof system I1 is? 17 =mri+m(r/2)?=4mr? The radius of gyration r isjust
TII:T;E"‘T:ST;E

Thus wWrr/wr =10/ 1111)=2x3r[2](2(5/4)x7) =\/§/5 asin choice (A).

YOUR NOTES:



Problem 66:
M echanics=-}Work

Work is defined by W = F.d1.

The force hereisjust dueto gravity, thus &' = #¥¢ , where # = 2kg/ mjs the density of the chain.

_ , _ 10 — 2 10— _
The chain is wound upwards, so work is ¥ = o paydy=3(gz2)y’ =10x100=10007

choice (C). (The approximation ¥ = 10ms%s made)

,asin

YOUR NOTES:

Problem 74:

Mechanics=-} Small Oscillations

The small oscillations of the hoop has the same frequency as that of a simple pendulum. Thus,

g
wi=7 However, in this case, Iis the distance from the center of mass to the oscillation point---
which isjust the radius of the loop.

Since & =27/T the period T oc\/’3 9 ¥ ioes not depend on mass,

Since "z =47y, Theratio of periodsis T /T ¥ T/yTyT/r2/42 Thus, the period of Y isjust T/2

mimeTeX failed to render
¥OUI eXpIesslon ,

. (Note, the technique of leaving out constants requires that sare




used instead of ="s. Practice afew times with this technique, as this will save time on the actual
exam.)

YOUR NOTES:

Problem 78:

Mechanics=-}Multiple Particles

The angular momentum equation gives the angular frequency. L = Iw =m#x¥, which relates the
angular momentum to the moment of inertia, the angular velocity, the radius of gyration and the
linear velocity.

The system spins about its center of mass, which is conserved. Since the pole is massless and the

skaters are off the same mass, *em =82, The moment of inertia of the system is just
I=2mrl =2m(b/2)*

Thus, the angular momentum equation gives, since the cross-products point in the same
direction. Now that one has the angular velocity, one eliminates all but choices (B) and (C).

Now, take the time-derivative of x for choices (B) and (C), then evaluateit at t =0.
For B, one hasd £/dt = v+1.5vucos(3ut/b)] — 2.5vfor t =0,
For C, one hasdz/dt = 0.5v+1.5vcos(3vi/b) — 2ufor t =,

Since the top skater isinitialy at ¥(0)=2v only choice (C) has the right initial condition. Choose
choice (C).

a2 —
(FYI: The center of mass velocity is given by Yem = P =v{2_Onecandsoariveat (C) by

noting conservation of center of mass velocity, since there is no net force.)

YOUR NOTES:



Problem 82:

Mechanics=} Torque
The problem gives & = [rdt =Iat put w=at. Thus, @ =H/I

The moment of inertia of aplate about the z-axisisjust 1/3Md%  Plug thisinto w to get choice

(D).
YOUR NOTES:

Problem 87:
M echanics=:} Conservation of Energy

Do not immediately try applying the Virial Theorem to this one. Instead, consider conservation
of energy. Coming in from far away, the particle has E = ¥ = Othe total energy equal to the
potential energy equal to 0.



Alternatively, one has, for acircular orbit, the equality between centripetal force and the
attractive force, mvifr = Kfri=vi=Kj(mr?]

Thus, the kinetic energy isjust T = p2{(2m)= K/(2r?)

Since ¥V =—/Fdr =—K/(2r?) \where the extra negative sign for the potential energy is due to an
attractive potential .

Thus, the total energy £ =T"+V =10, which is choice (C).
(Alternate solution is due to user crichigno.)

YOUR NOTES:

Problem 93:

Mechanics=r} Boundary Condition
Getting low on time, one should begin scoring points based more of testing strategy than sound

rigorous physics. At theinitial release point, the acceleration is due to gravity and thetensionis 0
(no centripetal acceleration). The only choice that gives®(f =0]= gis choice (E).

YOUR NOTES:

Problem 100:
Mechanics=-} Sum of Moments




Take the sum of the moments (or torque) about the triangular pivot fulcrum and set it to O.

2. M =20gd+20g7—40gz =0 wheredis the distance from the fulcrum to the 20kg mass, ris the
distance from the fulcrum to the 40kg mass and 7is the distance from the fulcrum to the center of
mass of the rod.

From conservation of length, one also has d+r=10and ¢+2="5,

Plug everything into the moment equation. Shake and bake at 300 K. Solve for q to get choice
(©.

Alternatively, one can solve this problem in one fell swoop. Taking ¢ as the distance from the
fulcrum to the center of mass of the rod, one sums the moment about the fulcrum to get

2.0 =20gg+20¢(5+¢)—40{5—¢)g =0, Solve for ¢to get choice (C). (Thisis due to the user
astro_allison.)

YOUR NOTES:



